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Abstract
Several new facts concerning topologies of paratopological and semitopological groups are es-
tablished. It is proved that every symmetrizable paratopological group with the Baire property is
a topological group. If a paratopological group G is the preimage under a perfect homomorphism
of a topological group, then G is also a topological group. If a paratopological group G is a dense
Gδ-subset of a regular pseudocompact space X, then G is a topological group. If a paratopological
group H is an image of a totally bounded topological group G under a continuous homomorphism,
then H is also a topological group. If a first countable semitopological group G is Gδ-dense in some
Hausdorff compactification of G, then G is a topological group metrizable by a complete metric. We
also establish certain new connections between cardinal invariants in paratopological and semitopo-
logical groups. In particular, it is proved that if G is a bisequential paratopological group such that
G × G is Lindelöf, then G has a countable network. Under (CH), we prove that if G is a separable
first countable paratopological group such that G × G is normal, then G has a countable base. This
sheds a new light on why the square of the Sorgenfrey line is not normal.
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Recall that a semitopological group is a group with a topology such that the multipli-
cation in the group is separately continuous. A paratopological group is a group with a
topology such that the multiplication is jointly continuous. It is known for a long time
that every locally compact Hausdorff semitopological group is a topological group [8]. Re-
cently Bouziad extended this theorem to ˇCech-complete spaces and obtained further deep
generalizations [4].
We prove that every symmetrizable Hausdorff paratopological group with the Baire
property is a topological group. Again, this is a generalization of the classical result of
Montgomery [11]. We also move in a direction which seems to be new, and which is well
represented by the following two results: if a paratopological group G is the preimage
under a perfect homomorphism of a topological group, then G is also a topological group.
If a paratopological group H is an image of a totally bounded topological group G under
a continuous homomorphism, then H is also a topological group. We also prove that if a
first countable semitopological group G is Gδ-dense in some Hausdorff compactification
of G, then G is a topological group metrizable by a complete metric. This generalizes an
earlier result of Reznichenko [14]. In the second section, we establish new connections
between cardinal invariants in paratopological groups. In particular, it is proved that if G is
a bisequential paratopological group such that G × G is Lindelöf, then G has a countable
network. Under (CH), we prove that if G is a separable first countable paratopological
group G such that G × G is normal, then G has a countable base. This statement sheds
a new light on why the square of the Sorgenfrey line is not normal. In terminology and
notation we follow [9] and [16]. All topologies considered below are assumed to satisfy
the T1 separation axiom.
Some curious sufficient conditions for a paratopological group to be a topological group
can be obtained with the help of the following lemmas.
Lemma 1.1. Suppose that G is a paratopological group, and U any open neighborhood of
the neutral element e in G. Then M ⊂ MU−1, for each subset M of G.
Proof. Put F = G \⋃{gU : g ∈ G, gU ∩ M = ∅}. Then, clearly, F is a closed subset of
G and M ⊂ F . Therefore, M ⊂ F . Take any y ∈ F . Then yU ∩M = ∅, that is, yh = m, for
some h ∈ U and m ∈ M . Hence, y = mh−1 ∈ MU−1. Thus, F ⊂ MU−1. Since M ⊂ F , it
follows that M ⊂ MU−1. 
Lemma 1.2. Suppose that G is a paratopological group and not a topological group. Then
there exists an open neighborhood U of the neutral element e of G such that U ∩ U−1 is
nowhere dense in G, that is, the interior of the closure of U ∩U−1 is empty.
Proof. The inverse operation in G is discontinuous. Therefore, it is discontinuous at e, and
we can choose an open neighborhood W of e such that e /∈ int(W−1). Since the multipli-
cation in G is continuous, we can find an open neighborhood U of e such that U3 ⊂ W .
Claim. The set U ∩U−1 is nowhere dense in G.
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From Lemma 1.1 it follows that V ⊂ U ∩U−1 ⊂ (U ∩ U−1)U−1 ⊂ U−2. Then VU−1 ⊂
U−3 ⊂ W−1. Clearly, V ∩U = ∅, and the set VU−1 is open in G. Therefore, e ∈ VU−1 ⊂
int(W−1), a contradiction. 
The next lemma easily follows from Lemma 1.2.
Lemma 1.3. Suppose that G is a paratopological group such that e ∈ int(U−1), for each
open neighborhood U of the neutral element e of G. Then G is a topological group.
Now we are ready to prove the following statement, which generalizes a well known
result on paratopological groups metrizable by a complete metric [11]. Recall that a topo-
logical space is said to be symmetrizable if its topology is generated by a symmetric, that
is, by a distance function satisfying all the usual restrictions on a metric, except for the
triangle inequality [1].
Theorem 1.4. Every symmetrizable Hausdorff paratopological group G with the Baire
property is a metrizable topological group.
Proof. We fix a symmetric d on the space G generating the topology of G. Let U be
any open neighborhood of the neutral element e of G. For each positive integer n and
each g ∈ G, put Bn(g) = {x ∈ G: d(g, x) < 1/n}. Since every symmetrizable space is
weakly first countable [1], and, by a result of Nyikos [13], every weakly first countable
Hausdorff paratopological group is first countable, it follows that g ∈ int(Bn(g)), for each
positive n ∈ ω and each g ∈ G (see [1]). Let An = {g ∈ G: Bn(g) ⊂ gU}. Clearly, G =⋃{An: n ∈ ω, n > 0} and Ai ⊂ Aj for i < j . Since G has the Baire property, there exists
a positive k ∈ ω and h ∈ G such that the set V = Bk(h) is contained in Ak . Then h ∈ Ak
and, since V is a neighborhood of h, we have h ∈ Ak ∩ V . Take any v ∈ V ∩ Ak . We have
Bk(v) ⊂ vU . However, h ∈ Bk(v), since v ∈ Bk(h). Hence, h ∈ vU , for each v ∈ V ∩ Ak .
It follows that h−1v ∈ U−1, for each v ∈ V ∩ Ak , that is, h−1(V ∩ Ak) ⊂ U−1. However,
V ∩ Ak is dense in V0 = int(V ), and the multiplication by h−1 is continuous. It follows
that h−1(V0) ⊂ U−1. Since h ∈ V0, we also have e ∈ h−1V0. Therefore, since h−1V0 is an
open set, we obtain e ∈ int(U−1). Now it follows from Lemma 1.3 that G is a topological
group. 
Notice, that the symmetrizability assumption in Theorem 1.4 cannot be replaced by
the assumption that G is first countable. This is witnessed by Sorgenfrey line, which is a
non-metrizable first countable paratopological group with the Baire property.
We also need the following generalization of Lemma 1.2.
Lemma 1.5. Suppose that G is a paratopological group which is not a topological group.
Then, for each compact subset F of G such that e /∈ F , there exist an open neighborhood
O(F) of F and an open neighborhood O(e) of e such that O(F)∩ (O(e))−1 = ∅.
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Then Vxx ∩ Vx−1 = ∅. Since γ = {Vxx: x ∈ F } is a family of open sets in G covering the
compact subspace F , there exists a finite subset K of F such that F ⊂⋃{Vxx: x ∈ K}. Put
O(e) =⋂{Vx : x ∈ K} and O(F) =⋃{Vxx: x ∈ K}. Then O(e) is an open neighborhood
of e, O(F) is an open neighborhood of F , and O(F)∩ (O(e))−1 = ∅. 
Theorem 1.6. Suppose that f is a perfect homomorphism of a paratopological group G
onto a topological group H . Then G is also a topological group.
Proof. Assume that G is not a topological group. Then, according to Lemma 1.3, there
exists an open neighborhood U of the neutral element e in G such that e is not in int(U−1).
Put F = f−1f (e) and F1 = F \ U . Since F1 is compact and e is not in F1, Lemma 1.5
implies that there exist an open neighborhood O(F1) of F1 and an open neighborhood
O(e) of e such that O(F1)∩O(e)−1 = ∅.
Since W = O(F1)∪U is an open neighborhood of F and the mapping f is closed, there
exists an open neighborhood V of f (e) in H such that f−1(V ) ⊂ W . We can also assume
that V −1 = V , since H is a topological group. Then f−1(V )−1 = f−1(V ) ⊂ W . Finally,
put W0 = f−1(V )∩O(e)∩U . Clearly, W0 is an open neighborhood of e contained in U .
We also have W0−1 ⊂ f−1(V )−1 ⊂ W and W0−1 ⊂ O(e)−1. Since O(F1)∩ O(e)−1 = ∅,
it follows that W0−1 ⊂ U . Therefore, e ∈ W0 ⊂ int(U−1), a contradiction. 
Of course, the statement that every compact Hausdorff paratopological group is a topo-
logical group is a direct corollary of Theorem 1.6.
Theorem 1.7. Suppose that G is a paratopological group such that G is a dense Gδ-subset
of a regular pseudocompact space X. Then G is a topological group.
Proof. Assume the contrary. Then by Lemma 1.2 there exists an open neighborhood U
of the neutral element e in G such that U ∩ U−1 is nowhere dense. Let W be an open
neighborhood of e in G such that WW ⊂ U . Put O = W \ U ∩U−1. Then, clearly, O ⊂
W ⊂ O and O−1 ∩U = ∅.
Fix a sequence {Mn: n ∈ ω} of open sets in X such that G =⋂{Mn: n ∈ ω}. We are
going to define a sequence {Un: n ∈ ω} of open sets in X and a sequence {xn: n ∈ ω} of
elements of G such that xn ∈ Un. Put U0 = M0, and let x0 be any point of O .
Assume now that, for some n ∈ ω, an open subset Un of X and xn ∈ G∩Un are already
defined. Since e ∈ W ⊂ O , we have xn ∈ xnO = xnO . Since Un is an open neighborhood
of xn, it follows that Un ∩ xnO = ∅. We take xn+1 to be any point of Un ∩ xnO . Note that
xn+1 ∈ G, since xnO ⊂ G.
Using regularity of X, we can find an open neighborhood Un+1 of xn+1 in X such that
the closure of Un+1 is contained in Un ∩ Mn, and Un+1 ∩ G ⊂ xnO . The definition of the
sets Un and points xn, for each n ∈ ω, is complete. Note that Ui ⊂ Uj whenever j < i. We
also have xn+1 ∈ xnO , for each n ∈ ω.
Put F =⋂n∈ω Un. Clearly, F ⊂ G, and F =
⋂
n∈ω Un = ∅, since X is pseudocompact.
The set FW is an open neighborhood of F in G. Consider the closure P of FW in X,
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assume the contrary, and fix x ∈ F ∩ H . Since FW is an open neighborhood of F in G,
from x ∈ F it follows that there exists an open neighborhood O(x) of x in X such that
O(x) ∩ G ⊂ FW . Then, since G is dense in X, we have O(x) ⊂ P . On the other hand,
x ∈ H implies that O(x) ∩ (X \ P) is not empty, a contradiction. Thus, H ∩ F = ∅. Now
from pseudocompactness of X and definition of F it follows that Uk ∩ H = ∅, for some
k ∈ ω (since Ui ⊂ Uj whenever j < i). Then Uk ⊂ P . Since xk ∈ Uk ∩ G, it follows that
xk ∈ FW .
However, F ⊂ Uk+2 ∩G ⊂ xk+1O ⊂ xk+1W . Hence,
xk ∈ FW ⊂ xk+1WW.
Taking into account that xk+1 ∈ xkO , we obtain: xk ∈ xkOWW . Hence, e ∈ OWW ⊂ OU .
Therefore, O ∩U−1 = ∅. Since O ⊂ U , it follows that O ∩ (U ∩U−1) = O ∩U−1 = ∅, a
contradiction. 
A topological group G is said to be ℵ0-bounded (totally bounded) if for each open
neighborhood U of the neutral element e of G there exists a countable (respectively, finite)
A ⊂ G such that AU = UA = G.
Theorem 1.8. Suppose that G is a topological group, H is a paratopological group, and
that ϕ :G → H is a continuous onto homomorphism. Suppose also that at least one of the
following conditions holds:
(1) G is totally bounded;
(2) G is Baire and ℵ0-bounded.
Then H is a topological group.
Proof. Assume that H is not a topological group. By Lemma 1.2, there is an open neigh-
borhood U of the neutral element e of H such that U ∩ U−1 is nowhere dense. Let W be
a neighborhood of unity of G such that ϕ(W) ⊂ U and W = W−1.
Case (1) Since G is a totally bounded group, there is a finite A ⊂ G such that G = AW .
Then M = ϕ(W) ⊂ U ∩U−1 is nowhere dense, and ϕ(A)M = H . Hence, H is a union of
a finite family of nowhere dense sets, a contradiction.
Case (2) Since G is a ℵ0-bounded group, there is a countable A ⊂ G such that G = AW .
Then M = ϕ(W) ⊂ U ∩ U−1 is nowhere dense and ϕ(A)M = H . Hence, H is a union of
a countable family of nowhere dense sets, a contradiction. 
2. Cardinal invariants in paratopological and semitopological groups
We establish certain new connections between cardinal invariants in paratopological
groups. In particular, it is proved that if G is a bisequential paratopological group such that
G × G is Lindelöf, then G has a countable network. Under (CH), we prove that if G is
a separable first countable paratopological group such that G × G is normal, then G has
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normal.
Observe that there exists a first countable non-normal Tychonoff paratopological group
(suffices to take the square of the Sorgenfrey line). However, below we show that first
countability has a strong impact on the properties of semitopological groups. The following
notions are instrumental in this.
Let G be a group (just an algebraic group). A family E of subsets of G will be called
discerning, or a Hausdorff discernor on X, if all elements of E are nonempty and, for every
z ∈ G distinct from the neutral element e, there exists P ∈ E such that zP ∩ P = ∅.
If G is a Hausdorff semitopological group and B is a base of G at some a ∈ G, then B
is a Hausdorff discernor on G. A slightly less trivial and much more useful example of a
Hausdorff discernor we obtain when we take an arbitrary π -network of G at e. Recall that
a family E of subsets of a topological space X is said to be a π -network of X at a point
a ∈ X if all elements of E are nonempty and every open neighborhood of a in X contains
an element of E . If E is a π -network of X at a ∈ X and all elements of E are open, we call
E a π -base of X at a. The next statement is obvious:
Proposition 2.1. Suppose that G is a Hausdorff semitopological group. Then every
π -network E of G at e is a Hausdorff discernor on G.
Here is one of the main technical results on Hausdorff discernors.
Proposition 2.2. Suppose that G is a group and E a Hausdorff discernor on G. Then⋂{PP−1: P ∈ E} = {e}.
Proof. Put F = ⋂{PP−1: P ∈ E}. Clearly, e ∈ F . Now take any z ∈ F . We have to
show that z = e. Assume the contrary. Then we can fix P ∈ E such that zP ∩ P = ∅.
Now we have z /∈ PP−1. Indeed, otherwise, z = ab−1, for some a, b in P , and zb = a ∈
zP ∩ P , a contradiction. It follows that z /∈ F , a contradiction. Hence, F = {e}, that is,⋂{PP−1: P ∈ E} = {e}. 
Let G be a semitopological group. A topological discernor E on G is a Hausdorff dis-
cernor on G such that the interior of PP−1 contains e, for each P ∈ E . A discernor is
called open if all its elements are open sets. Finally, a discernor E is said to be coopen if
P−1 is open, for every P ∈ E . It is clear that open discernors and coopen discernors are
topological discernors.
Proposition 2.3. Suppose that G is a left topological group with a countable topological
discernor. Then e is a Gδ-point in G.
Proof. This follows from the definition of a topological discernor and Proposition 2.2. 
In an important special case of topological discernors, Proposition 2.3 can be consider-
ably strengthened, as follows.
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discernor E . Then the diagonal ∆ in G×G is a Gδ-set.
Proof. By Proposition 2.2,
⋂{VV −1: V ∈ E} = {e}. For each V ∈ E put UV =⋃{V x ×
V x: x ∈ G}. Since every V in E is an open set, the set UV is an open neighborhood of the
diagonal ∆ in G×G.
Let us show that ∆ =⋂{UV : V ∈ E}. Assume the contrary. Then there exist distinct
y and z in G such that (y, z) ∈ UV for every V ∈ E . Put b = yz−1. Then b = e and, for
each V ∈ E , there exists x ∈ G such that y ∈ V x and z ∈ V x. It follows that b = yz−1 ∈
V x(V x)−1 = V xx−1V −1 = VV −1. Hence b ∈⋂{VV −1: V ∈ E} = {e}, a contradiction
with b = e. 
Corollary 2.5. If G is a Hausdorff semitopological group of countable π -character, then
the diagonal ∆ in G×G is a Gδ-set.
Proof. Indeed, every countable π -base of the space G at e is a countable open Hausdorff
discernor on G. It remains to apply Theorem 2.4. 
The last statement generalizes a result of Chen [6] who established that every first count-
able Hausdorff paratopological group has a Gδ-diagonal.
Theorem 2.6. For every paracompact semitopological group G of countable π -character
there exists a continuous one-to-one mapping onto a metrizable space.
Proof. By Corollary 2.5, G is a space with a Gδ-diagonal. Since G is paracompact, it
follows that G condenses onto a metrizable space [9]. 
Theorem 2.7. Suppose that G is a paracompact feathered semitopological group of count-
able π -character. Then G is metrizable.
Proof. Every paracompact p-space which condenses onto a metrizable space is metriz-
able [5]. It remains to apply Theorem 2.6. 
Corollary 2.8. Every first countable paracompact p-space homeomorphic to a semitopo-
logical group is metrizable.
Let us now have another look at Sorgenfrey line S. We know that S is a first count-
able Lindelöf paratopological group with the Baire property. On the other hand, S is not
ˇCech complete, not metrizable, and not even a p-space. The square S × S is again a first
countable paratopological group. However, S × S is no longer paracompact, but is sub-
paracompact (see [5]).
The results we are now going to present show that this combination of properties of
Sorgenfrey line S is not just an individual feature of S, it is in some sense typical for first
countable paratopological groups.
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element e. Let us introduce a new product operation in the topological space G by the
formula: g × h = hg, for g,h ∈ G, and denote the space G with this operation by H . Put
T = {(g, g−1) ∈ G×H : g ∈ G}. Then:
(1) H is a paratopological group;
(2) T is closed in the space G×H and is a subgroup of the group G×H ;
(3) T is a topological group;
(4) the natural projection (g, g−1) → g is a continuous isomorphism of the paratopolog-
ical group T onto the paratopological group G.
Proof. The first statement is obvious. It is also trivially verified that T is algebraically a
subgroup of G×G. Let us show that T is closed in the space G×H . Assume that (x, y) ∈
T \ T . Then y = x−1 and xy = e. Since G is a paratopological group, we can find open
neighborhoods U and V of x and y, respectively, such that e /∈ UV . Then (U ×V )∩T = ∅
and (x, y) ∈ U × V . Hence, T is closed in G×H , and (2) is established.
Clearly, T is a paratopological group. The statement (4) is also obvious. It remains to
verify the continuity of the inverse in T . It is enough to do it at the neutral element (e, e)
of T . Arbitrary basic neighborhood W of (e, e) in T is of the form T ∩ (U × U), where
U is an open neighborhood of e in G. Take any element (g, g−1) of W . Then g ∈ U and
g−1 ∈ U . It follows that (g, g−1)−1 = (g−1, g) ∈ (U × U) ∩ T = W , that is, W−1 = W ,
and the continuity of the inverse mapping in T at (e, e) is verified. 
The following direct corollary from Proposition 2.9 is especially convenient for appli-
cations.
Lemma 2.10. For every Hausdorff paratopological group G, there exists a topological
group H homeomorphic to a closed subspace of G × G such that H can be mapped by a
continuous isomorphism j onto G.
The proof of the next statement is a typical application of Proposition 2.9 and
Lemma 2.10.
Theorem 2.11. Suppose that G is a Hausdorff paratopological group with the Baire prop-
erty such that the extent of G×G is countable. Then G is a topological group.
Proof. Indeed, take H ⊂ G × G such as in Lemma 2.10. Then H is a closed subspace
of G × G. Hence, the extent of H is countable. It follows that the topological group H is
ℵ0-bounded [16]. Now Theorem 1.8 implies that G is a topological group. 
Theorem 2.12. Suppose that G is a Hausdorff bisequential paratopological group. Then
the following three conditions are equivalent:
(1) G×G is Lindelöf ;
(2) e(G×G) ω;
(3) G has a countable network.
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Lemma 2.10, we can fix a topological group H homeomorphic to a closed subspace of
G × G and a continuous mapping j of H onto G. Then e(H)  ω, since H is closed in
G × G. Since G is bisequential, the spaces G × G and H are also bisequential. Since H
is a topological group, it follows that H is metrizable [2]. Since e(H)  ω, the space H
is separable and has a countable base. Therefore, G has a countable network, since G is a
continuous image of H . 
The following result was obtained by Ravskij [15]:
Proposition 2.13. Every first countable paratopological group G with a countable network
has a countable base.
Proof. Fix a countable base B at the neutral element e of G, and let S be a countable
network of G. By the continuity of the product operation in G, the countable family
{VP : V ∈ B,P ∈ S} is a base of the space G. 
Notice, that a separable first countable paratopological group needn’t have a countable
base, as the example of Sorgenfrey line shows. Proposition 2.13 has allowed Ravskij to ob-
tain the next result [15] which obviously follows from Theorem 2.12 and Proposition 2.13.
Corollary 2.14. Suppose that G is a first countable Hausdorff paratopological group. Then
the following three conditions are equivalent:
(1) G×G is Lindelöf ;
(2) e(G×G) ω;
(3) G has a countable base.
For any topological group G, the condition that G is of point-countable type (that is,
G contains a nonempty compact subspace with a countable base of neighborhoods) is
equivalent to the condition that G is a paracompact p-space (see [16]). This result does not
generalize to paratopological groups, as the example of Sorgenfrey line shows. However,
we have the next result about paratopological groups of point-countable type which is
parallel to Theorem 2.12:
Theorem 2.15. Suppose that G is a Hausdorff paratopological group of point-countable
type. Then the following three conditions are equivalent:
(1) G×G is Lindelöf ;
(2) e(G×G) ω;
(3) G is a Lindelöf Σ -space.
Proof. Clearly, (3) implies (1), and (1) implies (2). Assume now that (2) holds. By
Lemma 2.10, we can fix a topological group H homeomorphic to a closed subspace of
G × G and a continuous mapping j of H onto G. Since G is of point-countable type, the
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follows that H is a paracompact p-space [16]. Since e(G × G)  ω and H is closed in
G × G, we have e(H)  ω. Since H is also paracompact, it follows that H is Lindelöf.
Therefore, G is a Lindelöf Σ -space, since G is a continuous image of a Lindelöf p-space
H [12]. 
Let X be a space. The tightness t (X) of X is the smallest infinite cardinal number τ such
that whenever a point x ∈ X is in the closure of a subset A of X, there exists a subset B of
A such that |B| τ and x ∈ B . If F is a subset of X, then the character χ(F,X) of F in
X is the smallest infinite cardinal number τ such that the family of all open neighborhoods
of F in X has a base of the cardinality not greater than τ .
Theorem 2.16. Suppose that G is a Hausdorff paratopological group, e(G × G) ω, F
is a nonempty compact subspace of G such that t (F ) ω and χ(F,G) ω. Then G has
a countable base.
Proof. We take the same subspace H of G×G as in Lemma 2.10. Then G×G is covered
by a family γ of compacta such that, for each B ∈ γ , B is homeomorphic to F × F and
χ(B,G × G)  ω. Since the tightness for finite products of compacta is productive [9],
we also have t (B)  ω, for every B ∈ γ . Put γH = {B ∩ H : B ∈ γ }. Then, obviously,
χ(F )  ω, t (F )  ω,
⋃
γH = H , and F is compact, for every F ∈ γH . Since H is a
topological group, it follows, by a result of Choban [7], that every F ∈ γH is a dyadic
compactum (see also [17]). Since t (F )  ω, it follows that each F in γH is separable
and metrizable. Therefore, H is first countable, since χ(F ) ω. Since H is a topological
group, we conclude that H is metrizable. However, e(H) e(G×G) ω. Hence, H has
a countable base and G has a countable network. Using Proposition 2.13, we conclude that
G has a countable base. 
With Sorgenfrey line in mind, it is now natural to formulate the following questions
which seem to be open:
Problem 2.17. Is every first countable semitopological (paratopological) group subpara-
compact?
Recall that a space X is subparacompact if every open covering of X can be refined by
a σ -discrete refinement (see [5]).
Problem 2.18. Can every first countable paratopological (semitopological) group be con-
densed onto a metrizable space?
Problem 2.19. Suppose that G is a bisequential paratopological group such that G× G is
Lindelöf. Must G have a countable base?
Problem 2.20. Which first countable spaces with a Gδ-diagonal can be embedded as a
(closed) subspace into a first countable (Tychonoff, regular, Hausdorff) paratopological
group?
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2ω < 2ω1 .
Theorem 2.21. (2ω < 2ω1) Suppose that G is a separable paratopological group such that
G × G is normal. Suppose also that G is of point-countable type. Then G is a Lindelöf
Σ -space.
Proof. Take the same subspace H of G×G as in the proof of Theorem 2.15. Then, arguing
as in the proof of Theorem 2.15, we conclude that H is a paracompact p-space. Since
G×G is separable and normal and H is closed in G×G, it follows from the assumption
2ω < 2ω1 that every closed discrete subspace of H is countable. Since H is paracompact,
this implies that H is Lindelöf. Hence, G is a Lindelöf Σ -space, as a continuous image
of H . 
Arguing similarly, and invoking again Proposition 2.13, we obtain the following state-
ment:
Theorem 2.22. (2ω < 2ω1) Suppose that G is a separable first countable paratopological
group such that G×G is normal. Then G has a countable base.
The last five results clarify from the point of view of topological algebra why the square
of Sorgenfrey line is neither Lindelöf, nor normal.
Recall that a Tychonoff space X is said to be weakly pseudocompact [10] if there exists
a Hausdorff compactification bX of X such that X is Gδ-dense in bX, that is, every non-
empty Gδ-subset of bX intersects X. Of course, every pseudocompact space is weakly
pseudocompact. However, every uncountable discrete space is also weakly pseudocompact
(just take the one-point compactification of it).
Below, after a series of more special results, we are going to establish a simple sufficient
condition for a weakly pseudocompact semitopological group to be metrizable.
First, we need the following statement, which extends a result from [3] to the class of
weakly pseudocompact spaces.
Proposition 2.23. Every weakly pseudocompact space with a Gδ-diagonal is ˇCech-
complete.
Proof. Let bX be a Hausdorff compactification of X such that X is Gδ-dense in bX. We
are going to show that X is a Gδ-subset of bX. Since X has a Gδ-diagonal, there is a
sequence (γn: n ∈ ω) of coverings γn of X by open subsets in βX satisfying the following
condition:
for any distinct x and y in X, there exists n ∈ ω, such that no element of γn contains
both x and y.
Put Wn =⋃γn, for each n ∈ ω, and P =⋂{Wn: n ∈ ω}. Clearly, X ⊂ P . Let us show
that P ⊂ X.
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y ∈ Vn. Put G = ⋂{Vn: n ∈ ω}. Since X is Gδ-dense in bX, the set G ∩ X contains
more than one point. Taking any two distinct points x, z in X, we immediately arrive at a
contradiction: {x, z} ⊂ Vn ∈ γn, for each n ∈ ω. 
We need another general fact:
Proposition 2.24. Suppose that X is a weakly pseudocompact space and K a compact
Gδ-subset of X. Then K has a countable base of neighborhoods in X.
Proof. Take a compactification bX of X such that X is Gδ-dense in bX. Since K is a Gδ
in X, there exists a countable family γ of open sets in bX such that X ∩⋂γ = K . Put
η = γ ∪ {bX \K}. Then η is a countable family of open sets in bX (note, that K is closed
in bX). Clearly, (⋂η)∩X = ∅. Since⋂η is a Gδ-set in bX, and X is Gδ dense in bX, it
follows that
⋂
η = ∅. Therefore,⋂γ = K , that is, K is a Gδ-set in bX. Since K and bX
are compact, it follows that K has a countable base of open neighborhoods in bX. Hence,
X also has a countable base of open neighborhoods in X. 
Corollary 2.25. If X is a weakly pseudocompact space and x is a Gδ-point in X, then X
is first countable at x.
Theorem 2.26. If G is a weakly pseudocompact left topological group with a countable
topological discernor, then G is first countable.
Proof. It is enough to refer to Proposition 2.3 and Corollary 2.25. 
Theorem 2.27. Every weakly pseudocompact semitopological group G with a countable
topological discernor is a topological group metrizable by a complete metric.
Proof. By Theorem 2.26, the space G is first countable. Therefore, it follows from The-
orem 2.4 that G is a space with a Gδ-diagonal. Now Proposition 2.23 implies that G is
ˇCech-complete. By a deep result of Bouziad [4], every ˇCech-complete semitopological
group is a topological group. Therefore, G is a topological group. Since G is first countable,
it follows that G is metrizable. It remains to observe that every metrizable ˇCech-complete
space is metrizable by a complete metric [9]. 
Corollary 2.28. Every weakly pseudocompact semitopological group G of countable
π -character is a topological group metrizable by a complete metric.
Corollary 2.29. Every first countable weakly pseudocompact semitopological group G is
a topological group metrizable by a complete metric.
Corollary 2.30. Every pseudocompact semitopological group G of countable π -character
is a compact metrizable topological group.
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compact metrizable topological group.
Proof. We just have to observe that every pseudocompact metrizable space is com-
pact. 
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